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Introduction

‘1’he Mars Global Surveyor and the Mars Pathfinder spacccraft~’arc  schcdu]cxl  to be launched .y

by the end of 1996. l’urther  exploration of Mars with low-cost missions will probably continue
over the next decade or two, taking  advantage of launch opportunities available every two years.
in this context, two or more satellites are likely to be si]nultaneous]y  c)rbiting  Mars cluring some
overlapping period of their lifetime. III Reference 1, it has been shown by dctailccl  c.ovariancc
analysis (of a few cases) that satellite-to-satellite (STS)  l)opplcr  data is very uscfu] in the accurate
determination of the Martian gravity field. In this paper , :in approxilnatc  analysis will be prcscntcd
on the improvement to bc obtained in the high-frequency or short wavclmigth Martian gravity field
with S’3’S Doppler data, avoiding costly, time-consuming and computation-intensive covariancc
analysis. With the present emphasis on on-board and autonomous ]la~rigation,  Srl’S Doppler data
may become a reality in the not so distant future,

Satellite-to-satellite Doppler data can be obtained ill two diffclent  configurations of the two
spacecraft$’  involved. (In this abstract, sometimes Satellite-to-satellite l)oppler  data will simply be ‘
designated as S’I’S data, for convenience. ) A Communications-Relay cIJln Navigation Satellite may
be deployed in a high orbit (of radius possibly 1.5,000-30,000 km) about Mars and the other in a,
low orbit at an altitude of about 180 k]n,. This case will bc referred to as the high-low satellite
configuration. Otherwise, two spacecraft; in low orbits such as for high-resolution imaging ])urposes ,Z
or atmospheric studies, may bc considered for STS data. q’he latter will bc designated as the low-
low satellite configuration, lloth these cases are examined in the allalysis below and the detailed
results will be prcscntcd  in the paper.

Some Preliminaries

The analysis is based on Hill’s variational equations for circular o]bits.  The perturbations are
considered to bc derived from gravitational harmonics o])ly. In particular, the probclm  is solved
using two-dimensional Fourier transforms in Cartesian coordinates (for the upper half-space)
for the conservative gravitational field. Due to the assunlptions  made in the analysis, the results
must bc considered appropriate for high-frequency or short wavelength harmonics only.

The S1’S data consists of the relative velocity between the two satellites under consideration.
}’or satellites in the high-low configuration, the satellite in high orbit is essentially una,fl’ccted  by
the higher degree and order gravitational harmonics except the fundamental, spherically symmetric
field. IIcnce  tile relative velocity between the spacecraft can bc attributed to the high frequency
gra.vitationaj  field only. In the low-low configuration, for two satellites in the same low circular
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orbit, but  separated by a finite distance (separated in true anomaly) bclwecn  them, the relative
vcloc.iiy  is obtained from the change in the non-spherical gravitational ficlcl due to the difference
between  tl)e spacecraft positions.

.
g’he relative velocjt y between the two spacecraft ~ is derjvcd ill the (Fourier) transform do- ‘“

main in terms of the high-frequency (or non-spherical part of the) gravitatjona]  field by solving
IIill’s equations. The perturbation forces in Hill’s equalions  are also expressed jn terms of the
two-dimensional }+’ourier  transforms of the anomalous (or spherjcal]y asymmetric part of the) grav-
itational field for these purposes. With an optimal filter j]! the frequency domain, the improvement
jn the spatiaj  power spectraj  density of the gravity field is evaluated frcnn the relative vc.locity
]neasuremc]lts  or S’I’S (I)opplcr)  data, This procedure prjmari]y  conlpletes  tile analysis.

Just the results from the crucjal steps of the analysis are presented in this abstract for both
the liigll-low  and low-low satellite configurations, ajong \vith a short ]Iotc on the final results. All
the details will bc inc]uclcd in the paper.

Analysis

IIill’s  equations 2 for the perturbations of a spacecraft nominally in a circular orbit are given
by

where (~, ?], ~) are the perturbations in the spacecraft posjtion  ill the radial, down-track and cross-
track directions respectively. ~ and ~ denote the velocity and acc.clc]  ation in the radial direction. .
and similarly (O, ii) and (~, ~) in the down-track and cross-track directions. n denotes the mean
motion of the spacecraft in its nominal circular orbit all d (n = V(l/it), where VO and R arc the
nominal circular speed and orbital radius.

The most crucial assumption in the approximate analysis is that the planetary surface
shall be considered ‘{flat”. in particular, let the Cartesian (x-y)  plane denote the planetary
surface with tllo x axis parafllcl  to the nominal down-track motion of tlIc s])ac,ecraft  and the y axis
parallel to the cross-track direction and pointing in the same ma.nncr. 7’llc  z axis points “radially
upward”, in tllc upper half-space.

With this nomenclature, it is readily seen that

g = (d(/d*)  (dz/dt)  == V() (dt/dx)

and similarly, ~ = V: (d2[/dz2). In turn, the perturbation equations (1 -3

V; ~“ – 2nV~q’ – 3n2(  = j(

V: q“ + 2nV~(’ = f~

v: [“ + 112( = jc
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(4)

can bc rewrjtten as jn

(5)

(6)
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where (’) and (“) denote
l’otlricrt  ra]lsfor]]lsill  (x,

the first and second derivatives with res~lecl  to x. l’he  t~vo-cli]]lel~siol~al
y) of equations 5 through 7 arc readily c)btai]lecl:

where  the Fourier transform of any function G(z, y; z) has been implicitly defined as in

G(w,, WV; z) =
J/

G(z, y; Z) exp{-.i(w~z  + Wvy)} A dy. (11)

‘1’he perturbation forces (f<, $7, jc ) ancl their transforms are clerived  from the scalar anomalous
gravitational potential G(z, y; z) and its transform, ~(o,, WV; z). in ]mrticu]ar,  G(*, y; .z) satisfies
l,ap]aces’s  equation, with prescribed values on the surface, z = O;

~2(~ = 0; G(z, y;O) = (r’(X, Y ) . (12)

It is easily derived3’4  that

G’(w*,  WY; z) = G’(w) C-l’’’lz,  (W2 = w: + w;) (13)

where G(u) and G(z, g, ; O) are Fourier transform pairs, Since the perturbation forces are obtained
from the (negative of the) gradient of the anomalous gravitatio]la]  potential,

Substituting (15) in equations (8) through (10), solutions for the perturbations in the spacecraft
position are obtainec] in the transform domain as follows:

where, the spacecraft nominal altitude, ‘z = h’, above the planetary surface has spccificajly
been entered in the equations and it has also been assunled  that I/wT >1.

Since the relative velocity in the down-track direction, Vr = (dq/di)  = l~o (dq/dz), its trans-
form is given by (from the definition in equation  11 and ];qn. 17)

ir = (jwz)l~o q = -(l/l~o)G(w)  e-l’’l’+. (19)
Similarly, it is easily shown that

iv = (jum)l~i(  = –(uv/ur)(l  /l~o)G(w) c- 1“’1}’ (20)

iz = (jLJT)T’’loj  = (/wl/jwm)(l  /\@G(LJ)  C-lk’l”. (21)

(19), (2o)  and (21) arc the measurement equations of the Doppler data on the relative
velocity between two satellites in the high-low configuratic)n.
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‘l’he relative velocity v,,, between 2 satellites separated by a clistancc  A in the same low circular
orbit  (low-low configuration) is given by5

v,, = VT(Z + A/2) - v~(z - A/2)

Cll) d21)
=A:{VOZ}=MOA=

.’
so that in the transform don] ain

fi,, = -(2/TzcI)~ sin(wTA/2)  ~(o) c- I“l)’ (22)

III this paper, the gaussian-weighted average  Of ~he p~irltu~isc  or 10CU1 surface wvity Unolnuh
is examined for evaluating the merits of determining the nigh-frequency gravity field with satellite-
to-satellite IIopp]er  data. I,et A(x, y) ancl Adv(x,  y) denote the pointwise  surface gravity anomaly
and its gaussian-weighted  average; they are given by

A(z,  y) = –(6’/dz)  G(x, y;z) at 2 = O (23)

(24)

where rJ is the appropriately chosen 4 ‘spread’ of the gaussian  weighting kernel. It may be noted
that the ‘pointwise surface gravity anomajy’  is silnp]y  the radial or z-directional acceleration ff on
the planetary surface (at .2 = O) as in Ilqn. (14).

Let ~ov(z,  y) be the “optimally estimated” gaussian-averaged  pointwise surface gravity
anomaly and ~av denote the error as in

X..(Z, y) = L(Z,  Y) – hv(~, Y) (25)

Then the merits of determining the high-freque!lcy  gravity field with data from satellites in t}le
“high-low” and “low-low” configuration will be evaluated by the minilnu)n value(s) of the square-
error integral in the estimated surface gravity anomaly (gaussian-a.veraged  ) as in

}“ = Min E{[~.V(x, y)]2} (26)

=
1/

{iav(x, y) - A..(2, y)}z dz dy (27)

By definition (ant] choice) the optimal estimator will yield the minimum square-error integral
in equations (26) and (27). II] particular, it follows from Parsewd’s  theorem that

A* = (1/47r2)
IJ

l[iav[/2  dwx dwu

= (1/47r2)
J/

{iav(ti)  - A.,,(U)}2  dq. dwu.

l’rom now onwards, the ( - ) above the argument as in >(u), denoting l’ourier
dropped for convenience; the context will make it clear, when the discussion is in
domain.

l’urthcrmore,  from equations (13), (15), (23) and (25), A(u) and A.,,(u) can

A(w) =

As.(w) =

=

where p(u) =

]Wl G(w)

[wI exp(-c72w2/2)  G(u)

p(u) G(u)

lw/exp(--o’w2/2)
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(29)

transform will bc
the frequency (w)

he obtained as in

(30)

(31)

(32)

(33)



l,ct  tlte genera] k-vector of measurements be denoted by

d(u) = 11 (w) G(w) -I W (34)

d(m) is the S’1’S ])oppler  (observational) data. 11 (u) is tile transfer fu IIction between the observa-
tions  and the anomalous gravitational field G(w),  as in equations (19)- (21) for two satellites in the
high-low configuration and as in (22) for low-low satellites. W is a k-vector  of measurement (noise)

.
errors. l,ct  &V(U) be optima]ly  determined from

i..(u) = +7’(w) d(w) = t/~T(LJ)  [l](u) G(Lo) + W] (35)

where ~~(w) is a k-vector optimal estimator and the supemcript  ( )7’, implies the transpose in
matrix a;gebra.  l“rom (32) and (35), it is readily seen that,

Similarly, @LV(w) is the power spectral density of the measurement IIoise. Since the integrand  in
(28) is positive semi-definite, the minimum value of the integral  for A“ ‘]s attained, if the filter ~~(~)
is chosen so that, the first variation 6 ll~du(w)ll’ = O. Froln this c.onditiml,  the optimal filter ~(w)
is derived as in

with necessary assumptions on data noise and the gravitational potcniial  so that all cross-correlations
vanish identically. In particular, for the optimal estimator, the lnillimurn square-error integral
A“ (the familiar ‘(cost function” ) is given by

(40)

Proceeding from Hill’s equations, l)oppler  rneasurelllent  of the relative velocity between two
satellites is shown related to the anomalous gravitation:il  potcultial  as in equations ( 19) t ]lrougl]
(22). l’llelt  a minimum cost criterion is stipulated as given in l;qs. (26) tlirougli  (29) in tcrnis  of
the estimation error in the averaged pointwise  surface gravity anomaly, squared ancl  integrated over
the ‘planetary surface’. The optimal estimator is derived in (39) and tllc nlinimum  value of the
scluarc-error  integral is obtained in (40) depending upon the data tyl~c (for the transfer function)
and  the power spectraj  density of the data noise and of th( surface gra~rity  anomaly. l’his  completes
the analysis.

Results and Conclusion

‘l’he dcno]ninator  in Eqn.  (40) for the square-crrcw integral

]]” = {] + d)G(w) I] ‘(~ti~) d)fi) }~(--~w)}
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can be clearly interpreted as the ratio of the a priori to a ]~osteriori  variance and hence can be used
as a measure of the effectiveness of a given data type with  transfer func.ticjn 11 (jw) and measurement
noise power spectral density @W, which will be assumed constant in this paper.

I+’or the high-low satellites, the transfer function has already been derived to be

H,,(w) = –Cxp(–d)  (1/vo) {1, (ug/%?), –.i(~/w’)}. (42)

‘J’]le vector transfer function is direction-dependent , or in other words it is not isotropic in the
(Wr-wg) plane!.

For two satellites in the low-low configuration, the t] ansfer  function is a scalar, given by

II,,(w) = –(2j)cxp(-wh)  (l/Vo) sin (wzA/2) (43)

which is also not isotropic. in the (Ur-ug)  plane.

q’he reduction in the variance from the a priori given by (41) can be calculated for each
(spatial) frequency by transforming the integral in polar coordinates in the (UT-UV) plane. The
power spectral density of the non-spherical part of the Martian gravitational field for such purposes
was obtained from the 50th degree and order field available from Kon op1iv6. Preliminary results7
indicate that an improvement by a factor of 5 to 10 can be obtained in the gravity field (upto
the 30th degree and order) with data from two satellites in the high-low configuration. An even
greater reduction in the uncertainties in the anomalous gravitational field (by a factor of 20 to 50) is
indicated, with l)opplcr data from two satellites in the low-low configuration. All the assumptions
for the various cases and the details of the computations will be presented in the paper in full
detail.
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